Mohua Banerjee
A. V. Sreejith (Eds.)

Logic and
Its Applications

10th Indian Conference, ICLA 2023
Indore, India, March 3-5, 2023
Proceedings

oN
O
o))
o
—
v
)
=
—

@ Springer




Lecture Notes in Computer Science 13963

Founding Editors

Gerhard Goos, Germany
Juris Hartmanis, USA

Editorial Board Members

Elisa Bertino, USA Bernhard Steffen®, Germany
Wen Gao, China Moti Yung(@®, USA

FoLLI Publications on Logic, Language and Information

Subline of Lectures Notes in Computer Science

Subline Editors-in-Chief

Valentin Goranko, Stockholm University, Sweden
Michael Moortgat, Utrecht University, The Netherlands

Subline Area Editors

Nick Bezhanishvili, University of Amsterdam, The Netherlands

Anuj Dawar, University of Cambridge, UK

Philippe de Groote, Inria Nancy, France

Gerhard Jager, University of Tiibingen, Germany

Fenrong Liu, Tsinghua University, Beijing, China

Eric Pacuit, University of Maryland, USA

Ruy de Queiroz, Universidade Federal de Pernambuco, Brazil

Ram Ramanujam, Institute of Mathematical Sciences, Chennai, India


https://orcid.org/0000-0001-9619-1558
https://orcid.org/0000-0003-0848-0873

More information about this series at https://link.springer.com/bookseries/558


https://link.springer.com/bookseries/558

Mohua Banerjee - A. V. Sreejith
Editors

Logic and
Its Applications

10th Indian Conference, ICLA 2023
Indore, India, March 3-5, 2023
Proceedings

@ Springer



Editors

Mohua Banerjee A. V. Sreejith

Indian Institute of Technology Kanpur Indian Institute of Technology Goa
Kanpur, India Ponda, India

ISSN 0302-9743 ISSN 1611-3349 (electronic)

Lecture Notes in Computer Science

ISBN 978-3-031-26688-1 ISBN 978-3-031-26689-8  (eBook)

https://doi.org/10.1007/978-3-031-26689-8

© The Editor(s) (if applicable) and The Author(s), under exclusive license

to Springer Nature Switzerland AG 2023

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors, and the editors are safe to assume that the advice and information in this book are
believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the editors
give a warranty, expressed or implied, with respect to the material contained herein or for any errors or
omissions that may have been made. The publisher remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://orcid.org/0000-0002-7517-0923
https://orcid.org/0000-0002-2173-6119
https://doi.org/10.1007/978-3-031-26689-8

Preface

The Indian Conference on Logic and Its Applications (ICLA) is a biennial conference
organized under the aegis of the Association for Logic in India. The tenth edition of the
conference was held during March 3-5, 2023, at the Indian Institute of Technology
(IIT) Indore. This volume contains papers presented at the 10th ICLA.

A variety of themes are covered by the papers published in the volume. These are
related to modal and temporal logics, intuitionistic connexive and imperative logics,
systems for reasoning with vagueness and rough concepts, topological quasi-Boolean
logic and quasi-Boolean based rough set models, and first-order definability of path
functions of graphs. Three single blind reviews for each submission were ensured.
Aside from reviews by the Program Committee (PC) members, there were reviews by
external experts. In some cases, in order to reach a final decision on acceptance, there
were further reviews by PC members or external experts. The Easy Chair system was
used for submission and reviews; it proved to be quite convenient. We would like to
express our deep appreciation to all the PC members for their efforts and support. We
also thank all the external reviewers for their invaluable help.

ICLA 2023 included 8 invited talks, and 6 of these appear in the volume as full
papers. We are immensely grateful to Mihir K. Chakraborty, Supratik Chakraborty,
Marie Fortin, Giuseppe Greco, Kamal Lodaya, Sandra Miiller, R. Ramanujam and Yde
Venema for kindly accepting our invitations.

Special thanks are due to IIT Indore, the organizing committee steered by Md. Aquil
Khan and all the volunteers, for making this edition of ICLA possible.

We are grateful to Springer, for agreeing to publish this volume in the LNCS series.

February 2023 Mohua Banerjee
A. V. Sreejith



Program Chairs

Mohua Banerjee
A. V. Sreejith

Program Committee

C. Aiswarya
Michael Benedikt
Thomas Colcombet
Laure David

Soma Dutta

Deepak D’Souza
John Horty

Juliette Kennedy
Minghui Ma
Amaldev Manuel
Luca Motto Ros
Alessandra Palmigiano
M. Praveen

Prakash Saivasan

H. P. Sankappanavar
Manidipa Sanyal
Andrzej Szatas

Giorgio Venturi
Zach Weber

Local Organization
Organizing Chair
Md. Aquil Khan

Organizing Committee

Mohd. Arshad
Somnath Dey

Vijay Kumar Sohani
M. Tanveer

Organization

Indian Institute of Technology Kanpur, India
Indian Institute of Technology Goa, India

Chennai Mathematical Institute, India

University of Oxford, UK

IRIF, France

City, University of London, UK

University of Warmia and Mazury, Poland

IISc Bangalore, India

University of Maryland, USA

University of Helsinki, Finland

Sun Yat-Sen University, China

Indian Institute of Technology Goa, India

University of Turin, Italy

Vrije Universiteit Amsterdam, The Netherlands

Chennai Mathematical Institute, India

IMSc Chennai, India

SUNY at New Paltz, USA

University of Calcutta, India

University of Warsaw, Poland, and Linkoping
University, Sweden

Universidade Estadual de Campinas, Brazil

University of Otago, New Zealand

Indian Institute of Technology Indore, India

Indian Institute of Technology Indore, India
Indian Institute of Technology Indore, India
Indian Institute of Technology Indore, India
Indian Institute of Technology Indore, India



viii Organization
Additional Reviewers

Claudio Agostini
Alessandro Andretta

A. Baskar

Mihir K. Chakraborty
Amita Chatterjee

Koduri Siddharth Choudary
Andrea De Domenico

David Gabelaia

Sujata Ghosh

Md. Aquil Khan

Khushraj Madnani

Krishna Balajirao Manoorkar
Anup Basil Mathew
Heinrich Wansing



Contents

A Note on the Ontology of Mathematics . ... ........ ... ... ... ...... 1
Mihir Kumar Chakraborty

Boolean Functional Synthesis: From Under the Hood of Solvers. . ... ... ... 11
Supratik Chakraborty

Labelled Calculi for Lattice-Based Modal Logics . .................... 23
Ineke van der Berg, Andrea De Domenico, Giuseppe Greco,
Krishna B. Manoorkar, Alessandra Palmigiano, and Mattia Panettiere

Two Ways to Scare a Gruffalo . . . ...... .. .. ... ... .. .. ... ... 48
Shikha Singh, Kamal Lodaya, and Deepak Khemani

Determinacy Axioms and Large Cardinals . ... ....... ... ... ... ...... 68
Sandra Miiller

Big Ideas from Logic for Mathematics and Computing Education. . .. ... ... 79
R. Ramanujam

Modal Logic of Generalized Separated Topological Spaces . ............. 92
Qian Chen and Minghui Ma

Multiple-Valued Semantics for Metric Temporal Logic . ................ 105
Fan He

Segment Transit Function of the Induced Path Function of Graphs
and Its First-Order Definability . . . ... ... .. .. .. .. .. ... ... .. 117
Jeny Jacob and Manoj Changat

Fuzzy Free Logic with Dual Domain Semantics . . . ... ................ 130
Bornali Paul and Sandip Paul

A New Dimension of Imperative Logic . . . ....... ... ... ... ... ...... 143
Manidipa Sanyal and Prabal Kumar Sen

Quasi-Boolean Based Models in Rough Set Theory: A Case of Covering. . . . . 159
Masiur Rahaman Sardar



X Contents
Labelled Calculi for the Logics of Rough Concepts. . . ................. 172
Ineke van der Berg, Andrea De Domenico, Giuseppe Greco,

Krishna B. Manoorkar, Alessandra Palmigiano, and Mattia Panettiere

An Infinity of Intuitionistic Connexive Logics . ... ................... 189
Hao Wu and Minghui Ma

Relational Semantics for Normal Topological Quasi-Boolean Logic. ... ... .. 207
Hao Wu and Minghui Ma

Author Index . . . ... ... ... . . .. e 223



®

Check for
updates

Quasi-Boolean Based Models in Rough
Set Theory: A Case of Covering

Masiur Rahaman Sardar(®)
Department of Mathematics, City College, Kolkata 700009, West Bengal, India
masiur_sardar@citycollegekolkata.org

Abstract. Rough set theory has already been algebraically investigated
for decades and quasi-Boolean algebra has formed a basis for several
structures related to rough sets. An initiative has been taken in the paper
[17] to obtain rough set models for some of these structures. These models
have been constructed by defining a g-approximation space (U, RY) out
of a generalised approximation space (U, R) and an involution g. In this
paper, as a continuation of [17], we have thrown light on covering cases
and constructed a set model for the algebra IqBa2 [17].

Keywords: Rough set theory + Pre-rough algebra - Quasi-Boolean
algebra - Modal logic

1 Introduction

Rough set theory has already been algebraically investigated for decades and
quasi-Boolean algebra (qBa) has formed a base for a number of abstract algebras
emerging out of rough sets [11]. Pre-rough algebra, amongst them, is one and it
was defined by Banerjee and Chakraborty in [3]. The base of pre-rough algebra
is a quasi-Boolean algebra which is a more general structure than a Boolean
algebra as the law of excluded middle (zV ~ z = 1) and law of contradiction
(zA ~ z = 0) generally do not hold in a gBa. Topological quasi-Boolean algebra
(tgBa) and topological quasi-Boolean algebra with modal axiom Ss (tqBab)
come naturally as predecessors of pre-rough algebra.

Later, from different motivations, many abstract algebras stronger than gba
but weaker than pre-rough algebra were developed. As for example, systeml
algebra, systemlI algebra [14] etc. have been introduced in order to access the
rough implication — which was defined as ¢ — y = (=Iz V Iy) A (—-Cz Vv Cy) in
pre-rough and rough algebras [2,3], where C' = =I—. On the other hand, three
intermediate algebras A1 (intermediate algebra of type 1), IA2 (intermediate
algebra of type 2) and IA3 (intermediate algebra of type 3) [15,19] are defined
based on three intermediate properties viz. ~IzVIz = 1, for all 2 (IP1), I(zVy) =
Iz V 1y, for all z,y (IP2) and Iz < Iy and Cz < Cy imply « < y, for all x,y
(IP3) which play a crucial role to define rough implication.

Besides this, 3-valued Lukasiewicz (Monteiro) algebra [4], 3-valued
Lukasiewicz (Moisil) algebra [5], Tetravalent Modal Algebra (TMA) [7] are some

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M. Banerjee and A. V. Sreejith (Eds.): ICLA 2023, LNCS 13963, pp. 159-171, 2023.
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of the well-established algebraic structures based on quasi-Boolean algebra. It
has been established in [1,14] that 3-valued Lukasiewicz (Monteiro) algebra
and 3-valued Lukasiewicz (Moisil) algebra are equivalent to pre-rough algebra.
Whereas in [14], it was observed that TMA is stronger than tqBab but weaker
than a pre-rough algebra. In the same paper [14], it has been mentioned that the
algebra MDS5 [6] is equivalent to IA2 if lattice distributivity is added to MDS5.
A relationship diagram amongst the aforesaid algebras is shown in Fig.1. For
details of these algebras and their logics we refer to [2,3,14,18].

In the paper [3], a rough set model has been constructed for the abstract
pre-rough algebra. It was developed in the context of rough set theory specially
based on the notions of rough equality and rough inclusion. It has been described
in [3] as follows. Let (U, R) be an approximation space. Two subsets P and

@ of U are said to be roughly equal if Pp = QR and P = @R where Pp

and ?R are Pawlakian lower and upper approximations of P respectively. An
equivalence relation < is defined in 2Y, the power set of U, as P < @ if and
only if P and @ are roughly equal. Each equivalence class [P]g of 2V /4 is
called a rough set. Using these rough sets and suitable operations M, U, = and
I, 2V /5,m,u,—,1,[0)<, [U]<) is a model of an abstract pre-rough algebra. The
operations MM, L, = and I are defined as

[Pl M@k = [PNQx,
[Pl U@k =[PUQ]x,
-[Plx = [-Plx,
I[P]x = [IP]g,
where
PIQ=(PNQ)uUPNQ n(PAQ""),
PUQ=(PUQ)N(PUQ,U(PUQ,)),
~P = P°,
IP:BFU

N, U and ¢ being the set theoretic intersection, union and complementation. The
lattice order C in the above pre-rough algebra is [P]< C [Q]< if and only if P is
roughly included in @, i.e., Pp C QR and P" - @R.

But, there are no proper set theoretic rough set models of the abstract alge-
bras shown in Fig. 1 which are really weaker than pre-rough algebras. The phrase
‘proper set theoretic rough set model’ means that it should be a set model and
should not reduce to a pre-rough algebra. A step has been taken in this regard
in the paper [18]. In this paper, set models of System0, stqBa, stqBa-D, stqBa-
T, stqBa-B, tqBa, tqBa5 and IA1 have been developed using the relation-based
rough set theory.

Another direction of work was initiated in the papers [15,17]. In these papers,
the authors have considered those algebras where an implication (—) satisfying
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the property (P_): z < yifand only if x — y = 1, for all z,y, can not be
defined or not available till now. It is to be noted that an implication — satisfying
the property (P_) is required in an algebra to develop the Hilbert-type logic
system corresponding to the algebra. For construction of the said logic system,
following Rasiowa, algebras are defined by imposing an implication — obeying
the property (P_,). These algebras are shown in Fig. 2 and for further information
about the algebras and their logics one may see the papers [15,17]. Rough set
models of some of the algebras IqBaO, IqBaT, IqBa4, IqBab, IqBal, IqBal, T,
IgBal,4 and IgBal,5 have been presented in [17].

This current paper deals with a parallel type of research that has been ini-
tiated in our earlier papers [17,18]. In fact, in this paper, covering cases are
considered and one set model has been developed using “deleted neighborhood”,
in other words, anti-reflexive neighborhood that has importance in a number of
areas of computer applications, e.g., the field of computer security [9].

aBa

System0
staBa SystemI
stqBa-D
l Systemld
stqBa-T
Systeml5 SystemlIl
stqBa-B taBa
tqBas
SystemlB
SystemI4E
Systeml14
IA: SystemI5E ~ SystemlII4E
IA1 \ ~ Systemll5
~_ \ ~ SystemlII5E
TMA

Pre-rough

Fig. 1. Structures based on qBa: P = @ stands for the algebra ) has one more operator
and some axioms for the new operator than the algebra P. P — @ stands for both
the algebras P and @ have the same operations and the algebra @ is always the algebra
P. P---Q stands for the algebras P and () are independent.

2 Rough Set Models - Relational Approach

In the papers [17,18], rough set models have been presented for the algebras
System0, stqBa, stqBa-D, stqBa-T, stqBa-B, tqBa, tqBa5, A1, IqBaO, IqBaT,
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TqBal,4 (taBas + (P_.)) IqBa2,1 1qBa3 4

Pl P2 1P3

1gBal,5 IqBa2,5 1qBa3,5
(TAL+ (P-) (IA2+ (P) (1A3+ (PL)

Fig. 2. Algebras with imposed implications: P = @ stands for the algebra @ has one
more operator and some axioms for the new operator than the algebra P. P — @Q
stands for both the algebras P and ) have the same operations and the algebra @ is
always the algebra P.

IgBa4, IqBab, IgBal, IqBal,T, IqBal,4 and IqBal,5. All these algebras are based
on gBa and therefore to construct their rough set models we have focused our
attention on a representation theorem of qBa developed by Rasiowa [13]. As
demonstrated by her, for any set U we can define an algebra (2V,N,U, =, 0, U)
which may be proved to be a quasi Boolean algebra, where —, called quasi-
complementation, is not the standard set-theoretic complementation ¢ but is
defined by means of an involution g (i.e. a map on U satisfying g(g(u)) = u, for all
u € U) namely =P = (g(P))¢, P C U. The lower and the upper approximation
operators _p,-f : 2V — 2V have been defined in a generalised approximation
space (U, R) by
Ppr={ueU:R,CP}

and R
P ={ueU:R,NP+#0D},

where R, = {v € U : uRv}. For any P € 2V, P and P are dual with
respect to the set complementation; the question is, how to define the algebraic
counterparts of these operators in the aforementioned quasi-Boolean algebra,
so as to make them dual with respect to the quasi-complementation —. The
issue has been resolved by defining a g-approximation space (U, RY) out of a
generalised approximation space (U, R) and an involution g on U.

Let (U, R) be a generalised approximation space and g : U — U be an
involution. A binary relation RY on U has been defined as follows:

for any two elements v and v € U,uR%v if and only if g(u)Rg(v). (1)

That is, two elements u,v € U are related with respect to a new relation RY
if and only if their g-images are related in the relation R. We call (U, RY) a
g-generalised approximation space or simply, a g-approximation space.
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As g is an involution on U, R can be obtained from RY as follows:
for any two elements u and v € U, uRv if and only if g(u)Rg(v).  (2)

Similarly, it says that two elements u,v € U will be related in the relation R if
and only if their g-images are so in the relation RY.

In this g-approximation space (U, RY), we have defined g-lower approximation
and g- upper approximation _,-9:2Y — 2V as follows:
for any P € 2V,

9
P,={uelU:RjCP}

and
P’ ={ueU:RY, Ng(P)#0}

where RY = {v € U : uR9v}. Using these lower-upper approximations and
imposing conditions like reflexivity, symmetric, transitivity etc. on RY proper
rough set models of System0, stqBa, stqBa-D, stqBa-T, stqBa-B, tqBa, tqBa5,
TA1 have been constructed in [18].

To construct rough set models for the algebras IqBaO, IqBaT, IqBa4, IqBab
shown in Fig.2, a suitable operation that corresponds to — (available in the
above algebras) is needed. Boolean implication P — Q(= P¢ U Q), in one way,
serves the purpose smoothly. On the other hand, g image of Boolean implication
g(P — Q)(= P —1 Q) also fulfils the property (P_,). With their help, rough set
models of IqgBaO, IqBaT, IqBa4, IqBab have been presented in [17].

A pair of new approximation operators 7g$1,79’1 : 2V — 2U has been defined
[17] in order to obtain set models for the algebras IqBal, IqBal, T, IqBal,4 and
IgBal,5 as follows:

Bg,l:{UGUZRﬁQP}ﬁ{uéU:RZ(U)QP}

and
P = {ueU: Ry, Ng(P)#0}U{ueU: R, Ng(P)#0}.

For details, one may see the paper [17].

3 Rough Set Model - Covering Based Approach

In this section we shall discuss the covering based rough sets and incorporate
the involution g to construct lower-upper approximations so that they will be
dual approximations with respect to the quasi-complementation. As we have
constructed two types of lower-upper approximations based on a binary relation,
some natural questions may arise on covering cases in the following form:

— How can a parallel study be introduced on covering based rough set theory
and what would be outcomes in that case?

— Is it possible to develop rough set models of some of the remaining algebras
through this study?
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In response to the first question, we have defined a g-covering approximation
space out of a covering approximation space and an involution g. Thereafter,
the basic notions like F'riends of u, Neighborhood of u etc. are introduced in a
g-covering approximation space in the same way as they have been defined in a
covering approximation space. Relationships between these two spaces and the
above-mentioned notions are studied.

For the last question, a new type of collection at each point of a g-covering
approximation space has been developed. We call it a “deleted neighborhood”.
For the importance of this neighborhood, we have taken the following words as
it is from the paper [9]: “a neighborhood N(p) of p may be punctured or empty;
by that we mean the neighborhood does not contain its center p or is an empty
set. Such a neighborhood is called an anti-reflexive neighborhood, including the
case of empty neighborhood. It is useful in many applications, e.g., in computer
security. We may consider a set of “my” enemies as a neighborhood. Surely,
“myself” is not included in that set”.

With the help of this deleted neighborhood or anti-reflexive neighborhood,
lower-upper approximations have been defined. A rough set model of IqBa2 has
been presented using these lower-upper approximations.

3.1 Basics in a Covering Approximation Space

Definition 1 [16] (Covering of a set): Let U be a non empty set and C = {U;(#
@) CU :i €I}, where I is an index set, is said to be a covering of U if

uU;=U.
i€l

Definition 2 [16] (Covering approximation space): Let U be a non empty set
and C be a covering of U. Then, the ordered pair (U,C) is called a covering
approrimation space.

Definition 3. Let (U,C) be a covering approximation space. For each u € U,
1. (Friends of u): [16] Friends of u is defined by

FC(u) = Y U

It is also called the indiscernible neighborhood of u [10].
2. (Neighborhood of u): [16] Neighborhood of u is defined by

N€(u) = 0 Ui

3. (Friends’ enemy of u): [10,16] Friends’ enemy of u is defined by

FEC(u) = U — F°(u).
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4. (Kernel of u): [16] Kernel of u is defined by
KC(u)={yeU:VU;(uc U, = yecl)}

Let P¢ = {KC(u) : u € U}. Then, PC is a partition of U and called a partition
generated by the covering C.

5. (Minimal description and Maximal description of w): [12,20] Minimal
description and Mazximal description of u are defined respectively as

mdC(u) = {U; € C:ucU; and VU € C(u € U C U; implies U = Uy)}
and
MdC(u) ={U; €C:ucU; and YU € C(U D U; implies U = U;)}.

We are now going to define a g-covering approximation space in the following
way.

3.2 g-covering Approximation Space

Proposition 1. Let (U,C) be a covering approzimation space and g: U — U be
an involution, i.e., g(g(u)) = u, for allu € U. Then g(C) ={g(U;) : U; € C} is
a covering of U.

Proof. Let u € U. Then, g(u) € U;, for some i € I (As, C = {U;(#£ 0) C U :
1 € I} is a covering of U). Then, by the definition of g, u € ¢g(U;) and hence
g9(C) ={g(U;) : U; € C} is a covering of U.

From the above proposition, we now define a g-covering approximation space
below.

Definition 4. Let (U,C) be a covering approzimation space and g be an involu-
tion on U. Then, (U, g(C)) will be called a g-covering approzimation space.

In general, C # ¢(C). The following example supports the statement.

Ezample 1. Let U = {a,b,c,d,e}, C = {Uy = {a,b},Us = {d,e},Us = {c,e}}
be a covering of U and g : U — U be an involution defined by g(a) =
¢, 9(b) = d, g(c) = a,g(d) = b,g(e) = e. Now, g( C) = {g(U1) = {c,d},g(U2) =
{b.€},9(Us) = {a, e} } and hence C # ¢(C).

The following is a necessary and sufficient condition that reveals when C and
g(C) coincide.

Proposition 2. Let (U, g(C)) be a g-covering approximation space. Then C =
g(C) if and only if for each i € I, g(U;) = U;, for some j € I.

Proof. Let C = g(C) and U; € C, for any i € I. Then U; € ¢(C) [as C = g(C)]. This
gives, U; = g(Uj), for some j € I. Conversely, let for each ¢ € I there exist j € T
such that ¢(U;) = U;. We have to show that C = g(C). Let U; € C. Then by the
hypothesis g(U;) = Uy, for some j € I. Then by the definition of g, U; = g(Uj).
As U; € C, g(U;) € g(C), ie., U; € g(C). Thus, C C g(C). Let Y € g(C). Then
Y = g(Uj), for some U; € C. Then by the hypothesis g(U;) = Uy, for some k € I.
Thus, Y = Uy, € C and hence ¢g(C) C C.
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Note 1. If g(U;) = Uy, for all i € I then C = ¢(C). But the converse, i.e.,C = g(C)
implies g(U;) = U;, for all i € I, is not true as shown by an example given below.

Ezxample 2. Let U and g be the same as mentioned in Example 1. Let C =
{U1 = {a,¢e},Us = {c,e},Us = {b},Us = {d}} be a covering of U. Then, g(
C) = {g(Uh) = {c,e},g(Us) = {ae},g(Us) = {d},g(Us) = {b}} and hence
C = ¢(C) but for none of i = 1,2,3,4, g(U;) = U;.

Now, we define the notions of Friends of u, Neighborhood of u etc. in a g-
covering approximation space (U, g(C)).

Definition 5. Let (U, g(C)) be a g-covering approzimation space. Then for each
ueU,

1. Friends of u is defined by

Fg(C)(u) = ueﬁU,-)g(Ui)’

2. Neighborhood of u is defined by

NIy =0 g(Uy),

3. Friends’ enemy of u is defined by
FEQ(C)(u) —U— FQ(C)(u),
4. Kernel of u is defined by
K9 (u) = {y € U: Yg(Ui)(u € g(Us) = y € g(U)}-

Let PIC) = {K9C)(u) : uw € U}. Then, PI©) is a partition of U and hence it
will be called partition generated by the covering g(C).

5. Minimal description of u is defined by
md© (u) = {g(U;) € g(C) : u € g(U;) and VX € g(C)(u € X C g(U;)
implies X = g(U;))}.

6. Maximal description of u is defined by
Md9© ) = {g(U;) € g(C) : u € g(U;) and¥X € g(C)(X 2 g(Uy)
implies X = g(U;))}.

The following example is considered to show that Friends of u, Neighborhood
of u etc. in a covering approximation space are generally not the same with
Friends of u, Neighborhood of u etc. in the g-covering approximation space.

Ezxample 3. Let U,C and g be the same as defined in Example 1. Considering
u = c we get

1. F9©)(¢) = g(Un

2. N9©)(¢) =
3. FEI©)(c)

£FC(0) = {ce}
# N€(c) = {c, e},
= {a,b,e} # FE°(c) = {a,b,d},
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4. K9 (c) = {y € U : Yg(Uy)(c € g(Ui) & y € g(U)} = {e,d} # K(c) = {c},

5. md9©)(c) = {g(U;) € g(C) : ¢ € g(U;) and VX € g(C)(c € X C g(U;) implies
= g(Ui)} = {g(Uh) = {c,d}} # md°(c) = {Us = {c,e}},

6. Mds©(c) = {g(Us) € g(C) : c € g(UC) and VX € ¢(C)(U 2 ¢(U;) implies
U;)} = Up) ={c,d Md“(c) = ={c,e}}.

O T L e R T {a}f’mi{w(b%}Z (b}, K9©) () =

{e,d} = K9Od), K9 (e) = {e}} # P¢ = {K°a) = {a,b} = K°(b),

KC(c) = {c}, K¢(d) = {d}, K9 () = {e}}

Proposition 3. Let (U, g(C)) be a g-covering approximation space. Then,
(

1. FC(u) = g(F9©) (g(u))) and FI©)(u) =g chg ), for allu € U,

2. N(u) = g(N9©)(g(u))) and N9©)(u 2 ))) forallu e U,

3. FEC(u) = g(FEg(C)(g(u))) and FEY )(u) = g(FEC( (w))), for allu e U,

b K80 = oS g(0) and K90 = g0 (st Jor a0,

5. m g(md?© (g(u))) and mdd’ )g u) = g(md ( ), for allu e U,

6. Mdc( ggMdg(C)(g u))) and Md9(© (u) = g&M g(w))), for allu e U,

7. P€ = g(P9©)) and PIC) = g(PC), where g(PIC)) = {g(Y):Y € PIO} and
similarly for g(Pc).

Proof. 1. Let y € FC(u). Then, y,u € U;, for some j € I and hence g(y), g(u) €
9(Uj). This gives, g(y) € F9©)(g(u)) and hence g(g(y)) € g(F* ) (g(u))), i.e.,
y € g(F9(g(u))). Thus FC(u) C g(F(g(u))). Let y € g(F“)(g(u))). Then
y = g(2), where z € F9©)(g(u)). This implies, z, g(u) € g(Uy), for some k € I
and therefore g(z), g(g(w)) € g(g(Ux)), i.e., y = g(2), u € Ug. This gives,
y € FC(u) and therefore g(F9€) (g(u))) € FC(u). Thus, F€(u) = g(F9©) (g(u))).
Proofs of 2, 3, 4, 5, 6 and 7 can be done similarly.

It is time now to define deleted neighborhood or anti-reflexive neighborhood of
an element u in U in order to develop a rough set model for the algebra IqBa2.

Definition 6. Let (U, g(C)) be a g-covering approzimation space. For each u €
U, deleted Neighbourhood of u in the covering approzimation space (U,C) and

in the g-covering approzimation space (U, g(C)), denoted by N§ (u) and Ng(c)( )
respectively, are defined by N§(u) = N€(u)—{u} and Nj(c)( ) = N9©) (u)—{u}.
Note 2. For each u € U, u does not belong to N§(u) and Ng(c)(u). Moreover,
NS (u) or N9©)(u) may be empty for some u € U.
Proposition 4. Let (U, g(C)) be a g-covering approximation space. Then for
each u € U, N§(u) = g(N{'“(g(u))) and N3 (u) = g(N§ (g ().
Proof.
NI (g(u)) = N (g(u)) — {g(u)} [from Definition 6]
Then, g(N§“ (g(w))) = g(N*“(g(u)) — {g(u)})
= g(N"“(g(u))) — g({g(w)}) [as g(A - B) = g(A) — g(B)]
= N€(u) — {u} [by 2 of Proposition 3]
= N§ (u) [from Definition 6]
Similarly, the other part can be proved.
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3.3 Rough Set Model for IqBa2

For a set-theoretic rough set model of the algebra IqBa2, we have to develop
a pair of lower-upper approximations which must be dual with respect to the
quasi-complementation and satisfies the property IP2: I(a V b) = Ia V Ib. Due
to this reason, we define a new pair of lower-upper approximations as follows.

Definition 7. Let (U, g(C)) be a g-covering approximation space. Then for any

subset A of U, Ag(C),z: the g,2 lower approximation of A and Zg(c)’z, the g,2
upper approrimation of A are defined by
c
Ayere=TueU: NI @) C A} (3)
and a(0)2
AT = {ueU: NS(u)NnA#p}. (4)

Proposition 5. In a g-covering approzimation space (U,g(C)), Ay and

Zg(c),2 are dual approximations with respect to the quasi-complementation —
defined through g.

Proof.

= (24y002) == (gAY, ,,) a5 =4 = (9(A))"]
— —~{ueU:NIw) C g(A)°} [by Definition 7]
= U —{g(u) : NJ'(u) C g(A)} [as ~A = U — g(A)]
=U —{ueU:NJg(u)) C g(A)} [taking g(u) as u]
= {ueU: N§(g(w) N g(A) £ 0}
)

={u e U:g(N§(u))Ng(A) # 0} [by Proposition 4]
={ueU:g(Ng(u)n ) # 0} las g(AN B) = g(A) Ng(B)]
={uecU:N§u)NA#0} [as g is an involution]

ZQ(C)Q

As == A = A, hence 4, ¢ » and Zg(cm are dual approximations with respect to
the quasi-complementation — defined through g.

Proposition 6. In a g-covering approximation space (U, g(C)), the following
results hold.

—g(C),2
L Xy =U and 07 =0,
2. If AC B CU then Ayc) 5 C Bycyo and 292 e

9(C),2 9(
3. AﬂBg(c)2 = Ag(C)QﬁBg(C)2 and AUB Aq
ABCU.

for all
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Proof. Proof of 1 is straightforward.

For proof of 2, let € A, ) - Then by Definition 7, Ng(c)(x) C A and hence
Ng(c) (z) € B (as A C B). This gives, z € B, ) and hence Aj )5 € Byc)o-
Similarly, 2°"% ¢ B*9? holds.

Proof of 3: To show AN B )2 = Agyc)2 N By(c),2>» We have to prove Agcy o N
B2 C© ANBy o Let & € Aye)s N By o Then, N§(z) C A and B.
Therefore, Ng(c)(x) C ANB and hence z € AN By ) o- Thus, Ajc) 2NByc) 2 C
ANB 4(c),2 and hence the result is proved. Similarly, the other part of 3 can be
proved.

Theorem 1. In a g-covering approzimation space (U,g(C)), AUB ¢y, =

A2 YU By, holds for all A, B C U if and only if for each u € U, Ng(c)(u)
contains at most one element of U.

Proof. Let AL,IiBg(CL2 = Ag(cm U By(cy,2, for all A, B C U. It is to be proved
that N9 (u) contains at most one clement of U. If possible, let N9 (u)
contain more than one element of U. Then, there are at least two distinct
elements y,z € Ng(c)(u) where y # uw and z # u [as u ¢ Nj(c)(u)]. Let

= {y} and B = Ng(c)( ) — {y}. Then z € B # (. Then by hypothesis,
AUB )2 = Ayc)2 UByc)2 holds, where A = {y} and B = N C)( ) —{y}.

This gives, Ng( (u) ©.2 = Ay)2 YU By As Ng )( ) is a subset of itself
—4——9(0),

c
so u € Ng( )( ) Oz = Ag( 0),2 Y By(c),2- This implies, either u € Ag(C),Q or

u € By o, i€, either NQ(C)( ) C {y} or Ng(c)(u) - Ng(c)(u) — {y}. But we
have z € Ng(c ) € {y} and y € Ng(c)(u) ¢ Nj(c)(u) — {y}. Thus, Ng(c)(u)
contains at most one element of U, for all u € U.

Conversely, let us assume that each N (C)(u) contains at most one element of U.
We have to prove that AU By o = Ayc)2UBgy),2 holds for all A, B C U. By
2 of Proposition 6, it is sufficient to show that AU B )2 € Agycy 2 U Byey -
Let u € AUB, ). Then, Ng(c)(u) C AUB. As Ng(c) (u) contains at most

one element, so, it follows that either Nj(c)(u) CAor Ng(c)(u) C B and hence
u e Ag(c),Q UBg(C),Q' Thus, AU Bg(c),Q = Ag(c),Q UBQ(C)Q? for all A, B g U.

Remark 1. As A, ¢ and Zg(c)’Q are dual approximations with respect to the

quasi-complementation - and AN B = —(-AU-B) so, AN B2 — 7992 N

B79? holds for all A,B C U if and only if for each u € U, Ng(c)(u) contains
at most one element of U.

The following example is considered to show that A/ ), may not be a subset
of A, for some A C U.
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Ezxample 4. Let U,g and C be the same as defined in Example 1. Then,

c ¢ c c c
N§a) = {e}, N (b) = {e}, N7V () = {a}, N§“(d) = {c}, N§(e) = 0.
Let A= {e}. Then, A ), = {a,b,e} € A= {e}.

Rough Set model for IqBa2: Let (U, g(C)) be a g-covering approximation

space with for each u € U, N, 5 © (u) contains at most one element of U. Now,
2V, N, U, =, 0,U) is a qBa, where A = (g(A))¢, for all A € 2. We define — in
2V as follows

A— B=A°UB.

Then, it is obvious that A — B = U if and only if A C B and consequently
(2V.N,U, —,—,0,U) becomes an IqBa. We now define IA, for all A C U as
1A = Ajc),2- Then by Proposition 6 and Theorem 1, (2V.N,U, —,—, 1,0,U) is
an IqBa2.

Remark 2.

1. If we define implication as A —; B = g(A — B) = =AU ¢g(B), for all
A,B € 2Y then (2Y,N,U,—1,—,I/11,0,U) becomes a different model for
IqBa2 with respect to the implication —.

2. By Example 4, modal axiom T: Ia < a [8] does not hold and hence
2V, N, U, —,—,1,0,U) is not a model for IqBa2,T.

4 Conclusion and Future Work

We may summarise the contents of this paper and indicate some future directions
of work as follows.

— A g-covering approximation space has been developed out of a covering
approximation space and an involution g. A necessary and sufficient condition
is obtained so that these two spaces coincide.

— Familiar notions that are available in a covering approximation space have
been introduced in a g-covering approximation space and relationships
between them are studied.

— Deleted neighborhood or anti-reflexive neighborhood has been incorporated
in this theory. Basically, they are not granules but their importance has been
mentioned [9] in the field of computer security.

— A pair of lower-upper approximations has been introduced which are dual
with respect to the quasi-complementation in a g-covering approximation
space. Using them, a rough set model of IqBa2 has been presented.

— In covering based rough set theory, there are many lower-upper approxima-
tions of a set in various literature. Some of them are dual with respect to the
set-theoretic complementation whereas other pairs are not so. A study may be
continued on them so that the notion of quasi-complementation can be incor-
porated and rough set models of remaining algebras may be constructed.
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